The dynamic consistency of responses to survey questions on wellbeing
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'Objective' measures like income and consumption expenditure are questionable empirical indicators of wellbeing. As Sen (1982 Sen ( chapter 4, 1985 Sen ( , 1999 and others have argued, measures of opulence like income and expenditure represent only partial intermediate stages in the chain linking fundamental entitlements and endowments to final welfare outcomes. They may not be satisfactory as welfare measures in themselves and an exclusive focus on them obscures the underlying physical, social and economic conditions that ultimately generate welfare outcomes. Because income and expenditure are limited to the monetised components of economic activity, their relevance to wellbeing depends critically on the degree to which the economy is market-based and on the system of regulation used to control market failures.
A further important problem is measurement error, which affects the extremes of the income and expenditure distributions in particular (Meyer and Increased conceptual scope generally brings with it a move from the 'objectivity' of cash measures like income and expenditure to the 'subjectivity' of self-reported personal assessments of specific aspects of wellbeing. It is important not to over-emphasise the distinction between 'objective' and 'subjective' measures, since responses to survey questions about income and expenditure involve cognitive and behavioural processes on the part of the respondent which introduce considerable subjectivity. Nevertheless, survey questions on income and expenditure embody a clear cash metric and fairly definite accounting principles, which give respondents a tangible framework for dealing with the question. This also exists for some 'subjective' questions, such as those eliciting expectations using the concept of probability to guide responses (Dominitz and Manski 1997) . In contrast, requests for personal assessments of happiness, satisfaction and many other aspects of wellbeing are potentially more problematic because the associated response scales lack the clarity provided by the conceptual frameworks of income accounting and probability theory. The accuracy and internal consistency of the process by which perceptions are formed and expressed is therefore likely to be a bigger concern for 'subjective' wellbeing variables than for 'objective' ones, although it is clearly important for both.
Retrospection is often an important component of empirical analysis. The wellbeing literature suggests some systematic biases in the differences between experienced utility as recorded continuously in experimental settings and remembered utility defined as retrospective evaluations of the same reference period (Kahneman et al 1993) . However, for policy purposes, we are more interested in how welfare changes over time in response to a changing socio-economic environment than in assessments of the average level of past welfare during some past period, and memory may operate in a different way when evaluating change than it does when evaluating average past welfare. For the analyst, there are two obvious ways of measuring welfare change: either by comparing current wellbeing measured in successive periods, or by using survey questions which invite respondents to make their own comparisons of the current and past state. Let t z s be the individual's perception, formed at time t, of the level of wellbeing at time s. If s = t, then t z s is the current perception of current wellbeing and if t > s, t z s is a current perception of past wellbeing. A comparison of successive current measures looks at t z t − t−1 z t−1 , while the respondent's own retrospective comparison looks at t z t − t z t−1 . The choice between these two measures is not clear-cut. The former approach requires longitudinal data, which are expensive and relatively scarce, while the latter can be used in both longitudinal and cross-sectional surveys. Even when longitudinal data are available, there is a case for using retrospective questions to reveal change over time, since evidence suggests that assessments of current wellbeing and attitudes are strongly influenced by transient changes of mood, emotion and survey context (Smallwood and Schooler 2006 , Kaheneman and Krueger 2006 , Conti and Pudney 2008 . This is a problem for comparison of successive current measures, t z t − t−1 z t−1 , since each term in the difference is subject to a different injection of noise, and the variance of the measured difference is consequently inflated. Retrospective comparisons of the present and the past may be less affected: if measurement noise is a fixed effect specific to the time of interview but common to the current perception of both the present ( t z t ) and the past ( t z t−1 ), then the respondent's comparison of the two eliminates noise completely. (Heckman 1978 ) and models of latent dynamics (Pudney 2008 ) are examples of econometric approaches in these two cases. Perceptions of wellbeing are not inherently discrete and so the more usual state dependence model is questionable. If the discrete nature of the dependent variable is only an artificial construct imposed by the questionnaire designer, then behaviour centres on the continuous latent perception of wellbeing which underlies the responses to survey questions, rather than the responses themselves. The econometric approach developed and applied here is intended to uncover this underlying welfare variable and determine whether respondents' reporting of it displays the properties of temporal consistency that we require of a good empirical welfare measure.
Panel evidence on perceptions of financial wellbeing
We use data from the British Household Panel Survey (BHPS), which is the principal source of household-and individual-level panel data in the UK. Starting in 1991, it has followed all original members of the sample annually, providing individual interviews with all over-15s in the household. We use observations on 3768 individuals who were household reference persons in the year 1992. The resulting panel dataset is unbalanced but has a common initial period t = 0 in 1993. The year 1992 is lost through the need to construct certain differenced variables and our sample period ends in 2003 to allow use of the housing equity variables constructed by Henley (1998) and updated by him to 2003. In addition to the questions on FWB, there is also a group of BHPS satisfaction questions which invites respondents to rate, on a 1-7 scale, their satisfaction with various aspects of life, including satisfaction with income (SI) and with life overall (SLO). Sen's (1982 Sen's ( , 1985 capabilities analysis provides a possible framework for locating survey questions like FWB1 and SLO in the spectrum of wellbeing concepts. In Sen's approach, an individual has command over economic resources ("entitlements") represented by the set X of possible choices for his or her commodity vector x. 
Question design
Personal advantage can then be thought of as an evaluation V (Q) of the set of possible capabilities rather than the particular element of Q which is realised as an outcome. This broader evaluation allows the possibility that freedom matters, in the sense that a given outcome chosen from a restricted set of capabilities may be less rewarding 4 than the same outcome chosen from a wider set of possibilities.
However, the responses to survey questions on life satisfaction, financial wellbeing, etc.
are determined in practice by survey respondents, not by theoretical debate about the concepts of wellbeing and advantage. So how do real people understand and interpret such questions? It is not possible to be sure about this but it seems possible that survey respondents, when asked about their life satisfaction or financial wellbeing in questions like SLO 2 Commodities here include labour supplies, so X encompasses the trade-off between work and consumption. Sen also makes a distinction between commodities and their Gorman-Lancaster characteristics, which we leave implicit. 3 The evaluation v(.) may or may not represent a complete ordering of the set {b} and it need not coincide with happiness or utility. 4 Or possibly more rewarding in some settings, since freedom of choice is not necessarily always a positive attribute (Schwartz 2004 ).
and FWB1, take a broad view of what is wanted by the survey designer and give an answer that evaluates not just the realised value of the functionings vector b or the commodity vector x, but also some aspects of the sets Q and X from which they are generated -in other words, evaluations of feasible potential outcomes as well as actual outcomes.
If it is true that FWB1 is answered partly on the basis of command over resources rather than the realised income-consumption position, we would expect FWB1 to have greater predictive power for SLO than do conventional measures of income. To explore this, we estimate random effects ordered probit models for the two satisfaction variables SLO and SI, using 1992-2003 BHPS waves.
5 These models have a wide range of covariates covering personal and household characteristics and circumstances, together with three income variables (current per capita gross income, the respondent's share in household income, and the change in household income since the previous year) and also four dummy variables representing the response given to the financial wellbeing question FWB1. 
0 : Income irrelevant Satisfaction with life overall χ 2 (4) = 629.48 Table A1 , for full details of the model and coefficient estimates.
The response to FWB1 has much greater explanatory power as a predictor of the broad SLO measure of wellbeing than income: the FWB1 dummies are highly significant, while the coefficients of the three income variables are not significantly different from zero in a joint test. This is suggestive rather than conclusive, but it is consistent with the idea that survey questions like FWB1 give an assessment of command over market resources that is broader than income itself and includes some element of evaluation of the set X of consumption/income possibilities rather than adequacy of current realised income alone.
Unsurprisingly, analysis of responses to the question on satisfaction with income does succeed in finding significant income coefficients but, even there, they are dominated by FWB1 as a predictor of income satisfaction.
Retrospective questions
The retrospective BHPS question on FWB is: Those who report some change at FWB2 are then asked:
FWB3 Why is that?
The free text responses are coded ex post into eighteen specific categories and six "other"/ inapplicable/non-response categories.
7
Just over half the responses to question FWB2 over the 1992-2003 period indicated no change in wellbeing, a quarter indicated a deterioration and slightly fewer (23%) suggested an improvement. Table 2 shows the distribution of reasons given by those reporting retrospectively an improvement or deterioration in wellbeing. Increased earnings and increased expenditure commitments are the dominant reasons given by these two groups respectively. 6 The item non-response/don't know rate is 0.3% for the pooled 1992-2003 sample. 7 In our sample, of the 18,873 observations where this question is applicable, there was a 0.58% nonresponse/don't know rate.
However, the benefit system also plays an important role, since 11% of people reporting an improvement attribute it primarily to the effect of social security benefits. [1992] [1993] [1994] [1995] [1996] [1997] [1998] [1999] [2000] [2001] [2002] [2003] What is the 'objective' basis for these retrospective assessments? Table 3 compares the stated reasons for change with the corresponding change in reported income over the two years concerned. Five concepts of real gross income are used: the respondent's personal earnings, benefits, investment income and total income, together with total household income expressed in per capita form. On average, the responses to FWB3 match actual change in economic circumstances quite well: for example, those reporting diminished wellbeing on grounds of a fall in earnings report a current level of annual earnings averaging almost £2,000 below the level reported in the previous year. Although Table 3 shows what one might expect for the relationship between retrospective assessments and mean income change, it conceals numerous conflicts at the individual level. Table 4 shows that, among respondents who report an increased level of FWB by virtue of an earnings change, over a quarter in fact reported no increase in either their own personal earnings or total household earnings when answering detailed income questions.
Larger degrees of dissonance are evident for other income components, particularly investment income. Part of this apparent conflict might be attributable to the broad scope of the FWB variable, which may be capturing changes in the individual's economic situation not reflected in short-term income movements, and some of the conflicts are undoubtedly due to income measurement error. 8 Nevertheless, this evidence casts some doubt on the validity of retrospective FWB comparisons. 
Perceived current wellbeing
The sequence of current assessments given in response to FWB1 is summarised in Table A2 of Appendix 2, which shows the transition rates between FWB1 response states in successive years. Higher states are more persistent than lower states: only a third of respondents remain in the "very difficult" state in successive years, whereas two-thirds of people in the "living comfortably" state remain there in the following year. Large transitions are quite rare, but more frequent in an upward than a downward direction. Table 5 examines the incidence of conflicts between the current and retrospective assessments of wellbeing. Given the coarser classification used for FWB2 than for FWB1, one would expect to see some of the cases of change in the current assessment to be reported as no change in the retrospective question, because of the presumably wider "no change" interval used by respondents when answering FWB2. This could account for the non-zero proportions in cells (1,2) and (3,2) of Table 5 , but the large entries in cells (1,3), (2,1), (2,3) and (3,1) are definitely contrary to expectations.
In particular, of those whose current assessment declines from year to year, almost one in eight reports a contradictory improvement in the retrospective assessment and, among those whose current assessment improves, one in six retrospectively reports a worsening of their financial situation. Questions FWB1 and FWB2 give us information relating to perceived current wellbeing,
A generalised partial adjustment model relates the realised year-to-year adjustment in perceived current wellbeing, t z t − t−1 z t−1 , to the adjustment warranted by changing circumstances, (ω t − t−1 z t−1 ):
where 0 ≤ λ ≤ 1 is a speed-of-adjustment parameter, x 
Our model for the updating of perceptions relating to any fixed past period t − 1 captures both partial adjustment of perceptions and cross-contamination between time periods:
where φ(ω t−1 − t−1 z t−1 ) represents delayed adjustment of perceptions towards the true level ω t−1 and π(ω t − t−1 z t−1 ) represents contamination of the perception of past FWB by current circumstances ω t . 9 The latter effect can be interpreted in various ways. It is consistent with one form of the adaptation hypothesis (Diener et al 1999, Loewenstein and Ubel 2008), which holds that the meaning respondents attach to the concept of wellbeing is itself changed by experience. In (7), the term ω t refers to experience accumulated after period t − 1, which 9 Equation (7) can be re-specified with the term ω t replaced by its perceived equivalent t z t , the only difference to the model being that the parameter π in equation (8) below is replaced by λπ throughout. The nature of our conclusions is not affected.
might change the individual's reference point. In this case, we would expect π < 0, since adaptation to high current wellbeing would make the past appear worse and vice versa. The term π(ω t − t−1 z t−1 ) is also consistent with a different behavioural process which we call memory substitution -if past wellbeing cannot be recalled reliably, the respondent may, consciously or unconsciously, partially substitute current wellbeing, for which there is no problem of recall. This would imply π > 0. The term ∆x + it ′ δ 2 represents a temporary reaction to changes of state and v 2 and e 2t are persistent and transient unobserved elements of the retrospection process.
Assumptions (5) and (7) imply the following generalisation of (4): In practice, an ordinal scale is used for observation and we assume responses are generated by the conventional threshold-crossing mechanism:
where y 1it and y 2it are the ordinal responses to questions FWB1 and FWB2 and the Γ 12) where y * 1it = t z it /S 1 and y * 2it = ( t z it − t z it−1 )/S 2 are the renormalised latent perceptions underlying responses to FWB1 and FWB2, S j = Γ j 2 − Γ j 1 is the normalising factor for the jth equation and the Γ * j r are the pre-normalisation thresholds. This normalisation is more convenient than, but observationally equivalent to, the more usual one of setting intercepts to zero and residual variances to unity. The parameter vector for this form of the model
, and the composite unobservables are
ε 1it = e 1it /S 1 , ε 2it = (e 1it −e 2it )/S 2 and ζ it = ξ it /S 1 . The lagged latent variable y * 1it−1 appears in both equations (11) and (12) 
Long-run effects
MSL estimates of the key parameters of the joint model (11) and (12) are set out in Tables   6-8 below and full estimates are given in Table A4 of Appendix 2. The estimated coefficient vector ψ/S 1 , which represents the long-run comparative statics effect of x on financial wellbeing, is reproduced in Table 6 . Estimated coefficients are consistent with expectations and broadly in line with evidence from the applied literature on other measures of subjective wellbeing; in particular, there is a wide range of significant influences beyond income.
Wellbeing is found to be significantly increasing in real per capita household income and also in the respondent's own share of household income. The latter conflicts with the idea of risk reduction by diversification but may reflect a subjective value placed on a sense of financial control, which is consistent with Sen's notion of the capabilities set as a basis of welfare evaluation. There are also significant positive effects for education, interpretable as an indicator of human capital, and for home ownership and housing equity, which provide a measure of real physical assets and of access (through the financial markets) to a store of potential finance for meeting future borrowing needs. Both of these are consistent with the idea that subjective financial wellbeing represents Sen's notion of "advantage", involving an evaluation of the entitlement set X rather than the current income-consumption outcome alone.
Relationship status is a very strong influence on financial wellbeing. Relative to a baseline of marriage or cohabitation, there are large, approximately equal, negative effects for single (never married) status and widow(er)hood and a much larger negative effect for divorce.
There is no strongly significant evidence of an effect for household size or composition.
There is significant evidence of lower financial wellbeing for members of the two main ethnic minority groups, which might be interpreted in line with Sen's approach, as representing the exclusion of minority groups from access to economic opportunity. However, the smaller but significant gender effect favouring women is not consistent with that interpretation. Cohort and year effects are captured in the model by a quadratic in year of birth and a set of year dummies and there is a significant negative cohort effect (or, equivalently, a rising age profile) and rising year effect. 
Evidence on temporal consistency
Our primary interest is in temporal consistency, which concerns the three critical dynamic adjustment parameters whose estimates are reproduced in Table 7 . In the equation (11) for current wellbeing, the parameter λ governs the speed of adjustment of current perceptions to changing circumstances. The estimate implies that only two-thirds of the warranted adjustment is completed within a year and the hypothesis λ = 1 is strongly rejected by an asymptotic t-test. The estimate of equation (12) for FWB2 also implies substantial deviations from temporal consistency. The normalised difference between the adjustment parameter λ and the cross-period contamination parameter π is not significantly different from zero, suggesting that π is also approximately 0.67. On its own, this term would imply that the retrospective perception of last year's wellbeing is a weighted average of current wellbeing and last year's current perception, with two-thirds of the weight given (inappropriately) to current conditions. This is offset only partially by the significantly positive adjustment parameter φ, which tends to push the retrospective perception towards the true value ω t−1 .
The positive sign of π gives the important conclusion that the contamination of retrospective perceptions by current conditions arises from a process like memory substitution rather than adaptation of the individual's reference standard to more recently experienced conditions, which would require π < 0. Standard errors in parentheses; Significance: * = 10%; * * = 5%; * * * = 1%
The coefficients of ∆x + it in the two equations of the model are set out in Table 8, with estimates of corresponding long-run effects from ψ/S 1 reproduced for comparison. A Wald test strongly rejects the hypothesis δ 1 = 0, with significant negative coefficients for job loss and onset of poor health, which match the negative signs of their long-run effects and imply short-term over-reaction to these events. The significant positive coefficients for the level and change in real housing equity also imply that perceptions of current financial wellbeing display very large short-term over-reaction to booms in the housing market, which is consistent with some macro-economic evidence on the influence of house prices on consumer behaviour (see Muellbauer For equation (12) which relates to the retrospective assessment of change, the coefficients of the transient life-event variables and changes in income and housing equity should be interpreted as θ 6 = (δ 1 − δ 2 )/S 2 , where δ 1 and δ 2 capture their temporary effects on the adjustment processes (5) and (7) . There are significant negative coefficients for the events of retirement and childbirth, for which there were no significant transient effects in the equation for FWB1, implying positive coefficients in δ 2 . This means that occurrence of retirement or childbirth during the intervening period makes the past appear (temporarily) financially rosier from today's perspective than it did at the time. Conversely, the large positive income coefficient in θ 6 and the small, marginally significant effect of income change in the model for FWB1 implies that a rise in income has the temporary effect of making the past seem worse than it did at the time -which is consistent with the adaptation hypothesis, only in a transient sense. 10 
Conclusions
There is a widely-accepted view that the concept of welfare needs to be conceived much more broadly than than conventional income-or expenditure-based microeconomic definitions. Empirical implementation of these broader concepts generally involves the use of 'subjective' survey measures, like the two BHPS financial wellbeing variables used here: one an assessment of current wellbeing, the other an evaluation of the direction of change over the preceding year. Our findings suggest very strongly that the current variable should not be regarded as a direct observation on wellbeing and that the retrospective variable is not very reliable as an indicator of change. We have demonstrated the importance of dynamic adjustment of perceived wellbeing, in two dimensions of time.
First, perceptions of current wellbeing take time to adjust fully to changed circumstances:
only around two-thirds of the year-to-year adjustment that would be required to bring perceived wellbeing in line with changed circumstances is accomplished within a year and there is evidence of a substantial transient over-reaction to major life events like unemployment, onset of long-term ill-health and booms in the housing market, in their year of occurrence.
Second, memory operates in a non-stationary way, so that perceptions of wellbeing, as experienced at some fixed time in the past, may vary depending when the perception is expressed. In particular, perceptions of past wellbeing are positively contaminated by current circumstances, suggesting a process of memory substitution: that difficulty in recall leads to some degree of substitution of the current state for the past state, when forming perceptions of the past. This is the opposite effect to that produced by the much-discussed adaptation hypothesis, which would lead to a negative influence of current wellbeing on today's judgement of the past. We have also found transient effects of major events on recollections of past wellbeing.
Despite these large dynamic distortions detectable in individual sequences of reported perceptions of wellbeing, it is possible to uncover an underlying wellbeing measure, using appropriately specified dynamic models. This reveals, in addition to significant income effects, important long-term roles for human capital, relationship status, housing wealth and demographic characteristics, which suggest that the financial wellbeing variables succeed in capturing a wider concept of welfare than income alone, perhaps approximating to Sen's notion of the individual's "entitlements" set.
Appendix 1: Identification and Estimation
A1.1 A general model
In terms of the underlying continuous variables, t z t and ( t z t−1 − t−1 z t−1 ), the model of section 3 is a multi-equation first-order vector autoregression, with a latent moving average component: a VARMA(1,1) system. Generalise this to a J-equation system for a panel of individuals indexed by i = 1...n, with unobservable individual effects and a non-degenerate Q-dimensional moving average component:
(κ 0jq ζ qit + κ 1jq ζ qit−1 ) + ε jit , j = 1...J (13) or, in matrix form:
where
Since K 0 and K 1 are unrestricted in scale, ζ it can be normalised to have unit variances. The J-dimensional vectors y * it and u i have typical jth elements y * jit and u ji and ζ it is Q-dimensional, with elements {ζ qit }. Note that (11)- (12) imply nonlinear restrictions on the elements of B, K 0 and K 1 in (14) . These restrictions are imposed, rather than leaving B, K 0 and K 1 unconstrained, to avoid an unduly high-dimensional parameter space. We assume the vectors {u i , ζ i0 , ..., ζ iT i } are mutually independent, with Gaussian distributions:
We only observe each element of the vector y * it according to the following grading scale:
where each Γ j0 = −∞ and Γ jR j = +∞. Note that different variables may use scales with different numbers and types of interval: in our case, with J = 2 equations, we have R 1 = 5 and R 2 = 3. The thresholds Γ jr may be observable in some applications (such as banded earnings variables) or specified as unknown parameters for others (such as Likert responses). We are interested in the latter case, which implies that the origin and scale of the latent vector y * it are unobservable. Consequently normalisation restrictions are required. Common practice is to drop the intercept term from the vector x it and set the residual variance to unity. For our purposes, these are inconvenient and we instead make the following observationally equivalent normalisation:
Note that the use of this normalisation requires the inclusion of an intercept dummy variable in the covariate vector x it . We deal with the initial conditions problem using the following approximation, which allows for both the random effect u i and the initial MA term ζ i0 to influence y i0 .
where η i is a random vector distributed as N (0, Σ η ), independently of u i and ζ it for all t ≥ 0. The unobserved y * i0 is assumed to be mapped into the observable grades y i0 by the same mechanism (17), possibly allowing for different values of the thresholds Γ jr to give additional flexibility. The covariate vector w i should be specified sufficiently richly to give an adequate approximation and it should include an intercept dummy variable.
The process (14) and approximation (19) imply a distributed lag representation of the form:
where the stochastic error λ it has the following structure:
A1.2 Identification
Consider the residual vector λ it defined by (21) and write the initial period residual λ i0 = Gu i + ζ i0 + η i . Under our assumptions, these random vectors are jointly normal with covariances:
where C st = cov(λ is , λ it ), δ st is the Kronecker delta and we use the convention that A 0 = I in the case of A = 0. Now consider the following identification strategy. With the normalisations Γ j1 = 0 and Γ j2 = 1, a multivariate cross-section ordered probit of y i0 on w i for the initial period identifies D and C 00 . Now construct a set of variablesỹ i0 = Dw i and estimate equation (20) for wave t = 1 by regressing y i1 on {ỹ i0 , x i1 }, using multi-equation ordered probit. For this to be possible, we need the identifying assumption that Dw i and x i1 are non-collinear, which requires the presence of sufficient variables in w i which are excluded from x i1 . Estimation of this system for wave 1 identifies A, B and C 11 . With A, B and D known, it is then possible to identify the covariance matrices C st for all s, t from the residuals for periods s, t.
The next step is to identify G and Σ u from the covariances C st . Note that:
Consequently Σ u is identifiable as
Singularity of Σ u would generally only arise when we specify a low-dimensional factor structure so that Σ u is expressible as HΩ u H ′ where Ω u is a k × k positive definite matrix with k < J and H is a J × k matrix of rank k, subject to k 2 normalisation restrictions to give a unique pair (H, Ω u ). Then (25) can be rewritten as
and solved for the product GH, which is the J × k coefficient matrix of the k factors in the initial period.
The compound process v it = K 0 ζ it + K 1 ζ it−1 + ε it is characterised fully by its variance and 1st-order autocovariance matrices:
When the MA process is unrestricted, K 0 , K 1 and Σ ε cannot be identified from (27) and (28), since alternative values
give exactly the same autocovariances, where
is positive definite. In our two-equation application based on (11)- (12), we resolve this by using the normalisation κ 01 = 1, leaving κ 02 , κ 11 and κ 12 unrestricted. The parameters κ 02 , κ 11 and κ 12 can be derived uniquely from knowledge of K 0 K ′ 1 (provided either κ 11 = 0 or κ 12 = 0), which can be constructed as
The final step is to recover Σ η and Σ ε . The former can be constructed, using (22) , as
The latter is given directly by (24) for s = t = 1 as:
A1.3 Maximum simulated likelihood estimation
The full model consists of equation (19) and a set of equations (20) for any collection of periods t > 0. In practice, the initial conditions model (19) is only an approximation and is a potential source of specification error. However, if A has stable roots so that A t → 0 as t increases, then the influence of the initial conditions declines as we consider later periods. There is, therefore, a case for leaving a gap (of S periods) between the initial period 0 and the subsequent periods used to estimate the model (20) . Thus we work with a system of J(T − S + 1) equations consisting of (19) and (20) for t = S + 1...T . Data on {y i1 ...y iS } are not used but we do require observations on {x i1 ...x iS } spanning the omitted periods. The choice of S involves a trade-off between possible misspecification bias and efficiency, since increasing S reduces the influence of initial conditions but also reduces the number of observations used for estimation. Increasing S also reduces the dimensionality of the computational problem.
Let the observed outcome for y jit be r jit , implying y * jit ∈ Γ j,r jit −1 , Γ j,r jit . The likelihood for this set of events is:
where T is the index set {0, S + 1...T }, λ jit is the residual for equation j at individual i and time t and µ jit is the jth element of the vector µ it = A t Dw i + t−1 s=0 A s Bx it−s . The covariance matrix of the residual vector for individual i) has a block structure, with blocks given by expressions of the form (22)- (24) . The probability (30) is a J(T − S + 1)-dimensional rectangle probability. Under normality, probabilities of this kind can be approximated using the GHK simulator (Hajivassiliou and Ruud, 1994) , leading to a simulated log-likelihood function:
whereP (θ, R) is the predicted probability (30) for individual i, estimated using the GHK algorithm with R replications. Note that, since y * 2it−1 does not appear in (11)- (12), y * 2i0 is not required, so only a single initial condition has to be modelled.
Techniques such as antithetic acceleration or Halton sequences can be used to improve simulation precision. We use a three-stage computational scheme. First, an initial approximation to the ML estimate is calculated, using crude Monte Carlo simulation with R = 20 replications to construct the likelihood (31), which is maximised numerically with respect to the parameters θ. At the second stage, the number of replications is increased to 200: 100 pseudo-random draws and their antithetics. 11 The resulting simulated likelihood is maximised numerically. At the third stage, a final evaluation of the log likelihood and its gradient vector is made with R = 1000 replications to check on simulation error and make a 1-iteration update on the converged point. In the application reported below, we use a skip rate of S = 5, giving a maximum dimension of 11 for the rectangle probabilities to be simulated. For optimisation, we use the simulated annealing algorithm (Goffe et al 1994) as implemented in a Gauss routine written by E.G.Tsionas to produce a starting point for a quasi-Newton algorithm implemented in the Gauss MAXLIK routine. 
Appendix 2: Full parameter estimates
